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PEEIODIC HEAT TEASTSJ'EH AT SHALL PRESSURE" FLU CIUAIIOJSrS* 

By H. Pfriem.' 
■ ' . • ■ ,• » : 

. : ■ ' SUMMARY ■ ■ , . ' 

Hhe effect of cyclic gas pressure variations on the 
periodic hej^t tr.ansfer at a 'flat wall is theoretically 
analyzed and the differential equatio'n descriljing fh'e 
process and its soliition for relatively .small pressur.e 
fluctuations developed, thus explaining., the periodic heat 
cycle between gas and wall surface. 

The processes for pure harmonic pressure and tem- 
perature oscillations, respectively, in the gas space 
are deserxTsed "by -means of a constant heat transfer coef- 
ficient ( ) and the equally constant phase angle (^q,) 

"between the appearance of the maximum values of the pres- 
sure and heat flow most conveniently expressed mathemat- 
ically in the form of a complex heat transfer coefficient 
(ac, equat ions (12), (so)). Any cyplic pressure oscillations, 
can he roduced'hy Pour i er ■ analys i s to ■harmonic oscilla- 
tions, v/hich result in specific, mutual relationships of 
heat— tr ansf or coefficients and phase angles for the dif- 
ferent harmonics, . ' • 

The heat transfer "betvoen gas and cylinder wall of 
reciprocating engines of any t y.o e , i s " imp or t ant for their 
functioning and dependahil ity in sefvico. The amount of 
heat transfer "depends upon a number' of factors, such as 
the ge'Cmotric shape, the ga.s and wall temperatures, the 
gas velocity, and so forth. She present investigation 
deals with the effect of a periodic compression of gas on 
the periodic heat -transfer, Pr 0 ceecllng " f r 6m cons iderahly 
simplified as sumpt i o-n s , tho extiint, +. 0, which the heat of 
compression dev'elop'cd in the "boundary I'ayer immediately 
adjacent to tho wall surface aiffe'cts .the amount of'-heat 
passing periodically into the v/all is indicated. 

* "Der per iodis che Waj:-F.;eu"bergan,g "bei kloinen Drucksphwaiikungen." 
Porschting auf dem G-e"biete des Ingeni ey-rwes ens , vol. 11, no. 
2, Karch- April 19 40, pp. 6 7-75. 
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The internal hoat transfer between gas an-d cylinder 
wall in reciprocating engines especially of the internal 
con'bustion type is of primary importance for their func- 
tioning and dependability. Owing to the cyclic operating 
method on all reciprocating engines, the internal heat 
transfer varies with respect to time, hence, nonunif ormly. 
Two suTsstant ially different time intervals must be iden- 
tified during a complete working cycle: namely, the heat 
transfer in the cylinder, v;hile pressure balance exists 
with the outer atmosphere, and the heat transfer with 
cylinder closed (reference l). At pressure balance with 
the outer atmosphere the internal heat transfer is large- 
ly conditional upon aerodynamic points of view. During 
the time interval in which the operating cylinder is- 
closed, the heat transfer is, in addition to the flow 
processes, considerably affected also by the compression 
or expansion and the combustion of the fuel. 

The following deals primarily with the effect of 
cyclic compression on the periodically changing and steady 
heat transfer. In consequenco of the compression there 
occurs in oach element of the gas space the heat of com- 
pression vrhich in part servos to raise the gas tempera- 
ture (internal energy) of that space element and in part 
is carried off through the cylinder walls. Since this 
heat of compression originates in the same v/ay'in the 
adhering boundary layer directly adjacent to the wall 
surface also where it is irnnediat ely removed by the cool- 
ing effect of the wall, and effect of the h.-iat transfer, 
especially in high-speed reciprocating cngJnes mustbe 
do-finitely expected. The subsequent cons io.er at i ons pro- 
ceed from simplified assumptions, so that at first only 
the anticipated effect at low, periodic compression can 
be computed. A more accurate calculation later on pro- 
vides the details of the process at higher compression. 

The first of the studies dealt with two— dim ens i onal 
temperature fields, v/here the boundary layer thicknesses 
in question are in general small compared to the curva- 
ture of the nail surfaces (so far as corners and edges 
are ignored). Then, if a very thin gas film alongside 
an isotherm within the boundary layer is considered (see 
f-ig. l), the thermal processes taking place therein can 
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"be descrilsed by the first law of thermodynamics. Visu- 
alizing this very thin gas film as having such a large 
section that it momentarily encloses the unit weight of 
the gas, the first law reads by way of example: 



dQ = di 



Av dp 



(1) 



where 

q, (kcal/kg) 

i (kcal/kg) 
V (m=/kg) 

P (kg/m2) 

A (kcal/mkg) 



heat input introduced per unit weight of 
thin gas film 

heat cont'ent (enthalpy) 

specific volume 

absolute pressure in the gas film 
mechanical equivalent of heat 



The heat volume dQ remaining in the thin gas film fol- 
lows from the difference of the heat volume inti'oduced 
and removed, respectively, by thermal conduction, if the 
transmission by radiation can be ignored. 



dQ = -P A q dT = F A I \ 2- ] dT 

where 

P (m^) cross— sect ional area of the gas film 

i kcal 

Aq A \^-^J j^sh tlie difference of the heat flow 



.mh°C 



immediately before and behind the gas film 
thermal conductivity of the gas in the film 



increase of temperature of the gas film against a 
zero point chosen at random 

X (m) position coordinate perpendicular to the cross- 
sectional area of the gas film 
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T (h) time 

The cross— sect ional area I" of a gas film of small 
thickness Ax is found, with the assumption, that it 
shall enclose the unit, weight of the gas, from; I" Ax = v . 
At disappearing thickness of this gas film, the amount of 
heat introduced is 

dQ = V — dT 

bx 

The variation of the heat content of the gas film is on 
the other hand: di = c-n d'P 



wh er e 

Cp(kcal/kg°0) specific heat of the gas at constant . 

pr es sure 

Posting these relations in the eq_uation (l) affords: 




The ahove developments retain their validity, even if 
the gas volume enclosed in the considered gas element is 
assxuaed arbitrarily small. Therefore, the ahove equa— 
t ion-, r efia'ins correct for each smallesi; gas particle 
(mass part icle.) , , so far as. it does not- solely enclose 
indlvid.u'al molecules. Transforming this relation, ap— 
plicahle for the present to the mass point, "oy means of 
its velocity w = dx/dT in fieat flow direction into the 
usual trilinear coordinates, and assuming equal pressure 
in all gas particles we get: 



P 



5*_ 

5x 



+ A 



dP 
dT 



(2) 



The form of this differential equation of second order 

is that of the conventional differential equation of heat 
conduction with convection flow and three dimensionally 
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divided, heat ; sources . Th.e' first term'-oiv the.- left side in 
this dif f.erential ,eq_uat.io"n , def ines .the., ,am.ouii.t .of- heat re- 
quired at instaataneoTiS. temperature changes (due to the 
,he.at capacity of ■ a ,g,as • part icle) while- "the second term 
represents ,the.h.eat ViOl'ujUjB transp-ort ed, hy the motion of 
the .gas plarticlap ,.in "t^e direction .of ,the t.emper'ature . 
gradient..- that i,s» the,. heat transfer hy cohVect ion, in the 
gas, Jhe. f irst-' t'er.ia, on" the right side, of 'the equation 
. riepxegejits the difference, in heat volume introduced and 
removed, respectively,' of tlie gas part.icle, "by pure heat 
conduction, while the second term gives the amount of heat 
released "by compression. It is seen that this heat of 
cpmpression occurriiig in the. space element independent of 
the quantity of heat removal"' is solely dependent on the 
momentary pressure variation. 

Subsequently , solutions of this differential equa- 
tion are developed for the specific case' of low cyclic 
compression in a gas space directly in front of a flat 
wall . ■ 

EFFECT OP L0¥ CYCLIC COMPRESS lOlT Oil THE PERIOD IC HEAT TEAHSPER 



.Fr,e5s ure f luctu'at i ens in- ^ ,as" a t rest (infinitely- 
t hick houndary layer.) — In the simplest case of a low 
cyclic pressure fluctuation compared to the ahsolute pres- 
sure of gas, the ga's properties can- "bfe regarded 'as inde— 
penden'f x>f. thfe' pressure and the temperature.' Moreover, 
the velocity • w p erpe'hdi caviar ' t o the v/all surf abe« can he 
.oonsideT.ed as disappearingly -'small. ' The" equation ( 2) • can 
then he s im.pl,ified _ t c , the " following lin'ear dif f feren'tial 
equation of the' sexjoiid order: ■ • ■ - • 



5^> 



- a 



1 




(3) 



vrh er e 




Since arbitrary periodic f liictuat i ons can alv/ays he. re- 
duced to harmonic variations by series development ac- 
cording to Pourier, th,e ens-aing cons-idorations ar,e re- 
stricted to these. 



L 
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■ ■ " Ihe temperature field in the jsyas space .- OJhe .first 
-s olu'tf on • concerns', the follov/ing problem: -Visualize a 
3,arge '.gas Spcvpe in front of ' a relatively thick va.ll with 
■flat "surf ace 'and in' this" space harmonic pressure varia- 
tions;. To /be found 'is the p-eriodic heat transfer at the 
v;all . surf ace for any required frequency of pressure 
f luctua't ion , when' the- gas is practically at rest' or when 
a very thick laminar "boundary layer exists at the wall 
.surface.' 'ihe pressure oscillation is t-o he presented "by 
the following equation*: • . " 



= I*^ + A P e 



(4) 



wh ere 

Pi (kg/m^) 
AP (kg/m2) 
03 (l/h) 



mean time value of the pressure 
amplitude of the pressure oscillation 
natural frequency of the pressure oscillation 
fictitious unit 



The subscript 0 signifies that the considered quantity is 
•complex. 

Yith the origin of the place coordinates pointing 
■toward the v/all and at right angles to its surface, (see 
fig. l); A partial solution-, of the differential equation 
(3) for a periodically changing temperature field in the 
gas space bef'Ore the wall. (See reference 2 for principal 
data for the djeTslopment of this ^solution.) 



A vi A P 



.J ttJT 



Pl2 



whence with the gas equation Pv= RT 



_ K - 1 AP 



Ti e 



jUJT 



- Pl2 



(5) 



*0f all the complex solutions, the real or imaginary part 
by itscl-f" presents moment at ily" a-.' phys i cally possible solu- 
tion." Ih'o following .calculat ion.s are worked out. largely 
complex by utilization of the conventional method (see ref- 
erence l); but they can also be v/orked out real without 
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( ?K0 jaeaix", -a^solut e. -fc eraser ature of' the gas 
Pxs"' - ref-l-ecti'Dia- jaumlie-f" of" the temperature heat wates 



■ (5a) 



I i lis 

wher e - -- , -- - '- •' ' 

"b - c Y , ( kcal/m^h ^•'^^ °C) heat stress capacity 

The s't'iri arbitrary zero point of the 'increase of tempera- 
ture of the gas is chosen equal to the momentary mean 
valu.e -of the. g.a3 t.eaip.crature at the particular point. 
Jhe correctness o^f "uhis solution can he readily checked 
by introduction 'into 'the differential' equation (3). 

She temperature fiel d in t he" vfall.-- Since there are 

no heeit sour ces _ v/ithin the v;all , the temperature field 
ob-eys the differential, "eriUat ion of heat conduction for 
solid bodies: 



bt ,c)^t . . 

~ a„ ■ — r 



3t 



'S 



vmer e 

t (°C) ~'ihor eas'e of .t esiper.atv^r e of tlie wall relative to 
its momentary mean time value 

Its solution in 'th,e 'present case is;. 

It is easily proved that the limit conditions at the wall 
surfa.ce .are actually, fulf-il-led by the equations (5) and 

(Continued fr-om page -■■a.-). ■ e^pe-cial dif f icuit iss , v/ith some 
larger calculating -effort. . Jov the '.calculation with com- 
plex values see for example B, H. G. J!dol-ler . Treatment of 
oscillation problems. Leipzig 1937. 
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Heat flow and t em-perature difference "between gas and 
wall «— Having seen from the foregoing, that the equations 
(5) and (7) actually represent the solution of the problem, 
the periodically varying heat flow q. any chosen point in 
the gas space or in the V7all can "be predicted without dif- 
ficulties. 3y way of example, equat ion (5) affords for the 
gas space: 

with q indicating the heat flow at point x in the gas 
spacer 

According to equations (5) and (7) it also affords 

the momentary difference between the temperature *coo of 

gas at great distance from the wall and that of the wall 
surface tco (x = O) at 

The heat volume q^^ penetrating periodically in the 

v/all surface per unit time per unit surface is according 
to equation (s): 

^00 = ^1: ^ ^ e j--^ (10) 

2hus with equation (9) and /J" = e''^"/*^ : 

^co = e^("/^5(*ot»- tco) (11) 

The h. eat transfer coefficient .- Defining as in 
steady temperature fields, a heat transfer coefficient 
for harmonically varying processes according to rela- 
tions: q^ = a.^i'&Q — t(,), a comparison with equation (ll) 

furnishes the complex heat transfer coefficient otp de- 
scribing the periodic heat transfer in the present in- 
stance in the form: 
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■ ac =. "bi eJCa • (12) 

from whi^cli the •a'bsolufe value am of this complex heat 

transfer coefficient . a.c for tjie frequency tt) " of the 
pressure os.cillation at: 

- t^^fo} ( 13a) 

and its phase angle 

= tt'A (13b) 

It is p-lain from equation (l3a) that the heat volume 
periodically transferred to the wall during harmonic 
pressure oscillations in 'a gas at rest is proportional 
to the root of the frequency of the pressure oscillation 
and to the heat stress factor h^ of the gas, The maxi- 
mum value of the heat flow hereliy lies independent of the 
frequency of the presstire oscillation, always "by the 
amount of the phase angle €a = tt/4 a,head of the maximum 
value of the temperature difference. The two phenomena - 
are 'not summarily predictable on the basis of the experi— 
ence v;ith steady heat transfer. But they find their physi- 
cally plain explanation in the fact that heat sources exist 
also under the effect of compression in the gas films ad- 
hering directly to the vjall surfaces, the heat of which, 
owing to the great capacity of the 'wall, is immediately 
carried off even during formation. The yield of these 
heat sources, that is, the compression heat produced per 
unit time, is propor t io.nal, to the frequency of the pres- 
sure Dscillati'bn. But,' since on- the oth'er hand, the rate 
of di-f fusion of heat sourc'es is only proportional to the 
Square root of the frequency; an increase in the oscilla- 
tion frequency number" is reflected by a continuously de- 
creasing iiar.t of the gas space before \iiie wall subjected 
,to .their heat" dissipat ing effect. As a result the amount 
of heat actually transmitted per unit time under otherwise 
identical conditions is proportional to the square root 
of the frequency; correspondingly it affords the same re- 
lationship also for the coefficient o-f heat transfer. 

The advance by the phase angle ti/4 of the heat 
transfer in resp.ect, to the temperature in the gas core 
is lastly due to the fact' that the greatest yield of the ■ 
heat sources .in the gas extending directly up to the wall 
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surface, that is, the monentarily greatest heat of com- 
pression per unit time, coincides with the steepest pres~ 
sui:e rise and hence the temperature oscillation in the 
gas core leads "by the phase angle n/S. 

Since gas films even at a certain distance away from 
the wall surface still contrihute to the heat=£Low and 
these portions need time to reach the surface, the maxi- 
mum value of the heat flow must in any case lead hy a 
phase angle ranging "between 0 and tt/2 relative to 
the temperature oscillation; the calculation proves this 
"by the phase angle €q, = n/4 independent of the fre- 
quency and the nature of the material. To simplify the 
identification of the periodic heat transfer hetween a 
fixed wall and a gas at rest in front of it which mani- 
fests harmonically variaTJle, small pressure oscillations 
the two quantities ayj and €a are sufficient.- Quan- 
tity multiplied "hy the greatest value of tfeaa— 

perature difference, gives the amplitude of heat flow 
and is the phase angle, corresponding to the time dif- 

ference hetv/een the -maximum value of the harmonically 
variable temperature difference and that of the heat flow. 
These tv/o quantities are most conveniently expressed in the 
form of a complex heat transfer co-efficient a^, which 

while affording no new physical knowledge provides a 
suitable representation, 

¥ith the application of two real quantities oyj 

and for the description of a harmonically variable 

heat transfer, the ratio between the usually not coinci- 
dent maximum values of heat £Lov; and the temperature os- 
cillation, as well as their relative temporary displace- 
ment i= ^a/^ is established. The attempt- to express 
these heat— transfer ratios by the- conventional .representa- 
tion vj-ith one real value and concurrently existing in- 
stantaneous values, results in spite of the continuously 
finite magnitude of the passing heat volumes and thetem— 
perature differences in heat— transf er • coef f icients , which 
:fluctuate between +"°, and — » during a period, 

STonharmonic temperature — heat oscillations can be 
directly reduced to harmonic ones by 5'ourier analysis, 
each upper harmonic affording a new and, e which 

in the'present instance of cyclic compression can be 
solved by means' of- equations (12)', ( 12a) , and' (l2b), re- 
spectively. It is plain, that each upper harmonic 
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manifests the same phase angle G^, ^ it/4 and has a 

greater heat-traJisf er coefficient aoj corresponding' to 

the root of the multiple of its freq^uency relative to 
the fundamental oscillation, 

Numerical ezamplo and range of validity ."- The prob- 
lem illustrating the orders of magnitude is as follows: 
Harraonic sound waves with a frequency of 500 Hertz strike 
a flat, wall placed in atmospheric air. Owing to the 
relatively great wave length a pressure gradient perpen- 
dicular to the wall surface is discounted. ¥ith a heat 
stl-ess factor of ^ = 0.08 kcal/m^hi/2 0, according to 

equat.ion (l2a) for air under normal condition the magni- 
tude of the heat— transfer coefficient, is : 

ctyj = 0,08 V 5 00 X 2tt"x"3600 = 8X 33.4 = 267 kcal/m^h°0 

This heat— transfer coefficient caused by the compression 
alone in air at rest is therefore of a iragnitade obtain- 
able by steady heat transfer in gas only at very high 
velocities but not with gas at rest. This ftict itself 
is indicative of the great inliuence of the comprpsslon 
on the periodic heat transfer in piston compressors and 
heat engines. 

To judge the practical adaiss ibility of the assump- 
tion regarding the laminar flow in the gas films directly 
in front of the wall, the depth effect of the v/all in- 
fluence upon the compressed gas- is analyzed. The gas 
temperature, at a distance x ^ ^ varies according to 
equation (5) by less than 1 peroeiit from that at very 
great distance from the wall, if 

^— ^ ie-'^Jlt 0.01, that is,, x^hen i § /II In ^ ~ (m) 
»'3 vU) 0.02 

Hov/ever, according to equation (5a) the approximation 
pj^g « — 1 + 2 bj^/bg is admissible for the reflection 
factor Pjg at a metallic wall for which always b3» b^ — 
thus for an iron wall, for instance bg k 200 kcal/m^h^'** °0 ' 
for atmospheric air against iron: 

Pis -1+2^ = - 0.9992 « - 1. 
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ror atmospheric air the temperature conduct i-vity factor is 
a, w.O.O? m3/h; hence for a frequency of 506 Hertz 



that is, the wall effect is in many practical cases con- 
fined, to the st ill— exist ing Taoundary layer, even in 
larger flows. Shis proves the practical admissibility 
of- the simple assumptions of these developments for many 
cases. But; in order to be able to make reliable pre- 
dictions at ' substant ially smaller oscillation numbers 
as corresponds to customary rotative speeds in engine 
design the considerations are extended to include the 
case of a boundary layer of finite thickness. 

Pressure oscil la tions by turbulent gas core .(f in.ite 
thickness of boundary layer) .— In the follow.ing calcula- 
tion the actual boundary layer flov^ (which in general 
shows no sharp delimitation against the gas space and also 
is not always completely laminar) is replaced by a corre- 
sponding, idealized boundary layer, manifesting a pure 
laminar flovr parallel to the \7all surface and an expressed 
sharp boundary toward the completely turbulent gas apace, 
She idealization is required only in consideration of a 
simple calculation; it furnishes no es.sentially differ- 
ent results from the practical conditions, since similar 
conditions prevail even by partly turbulent boundary 
layer. As a result of the assumed complete turbulence 
in the gas core the temperature in it will alv;ays be the 
Same at any point; hence it must always be lower than the 
adiaba,tic compression temperature by reason of the heat 
removal through the boundary layer. 

iPe m p erature fiel d and heat flow in boundary layer 
The temperatTire field within such an ideal boundary layer 
of constant thickness is visualized as being composed of 
two portions, as .follo\;s . The first portion is produced 
as the result of the tssiperature variations in the turbu- 
lent gas core, purely on the basis of the heat conducti— 
bility of the boundary layer visualized free from heat 
sources and can be presented by the following equation: 



0.07 



500X 3nX3600 



In 100 teO.365 X 10 m 



Q-(6 + z)^^' 




,~(5-x)^^'l 




+ xM/, 



-2 8^i/, 



-8^|/l 



1 + p 



1? ? 



e 



1 + Pi2 e 
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wh er e * ' 

© (°C) amplitude of swing of the temperature in the 
tur"bulen.t gas space . . 

6 (m) thickness of the idealized TDOundary layer 

She second portion is the resiilt of the heat soTxrces 
distri"buted in the "boundary layer with the stipulation 
that at point x = — 5 the functiojx is always zero and 
adapts itself at the xvall surface x = 0 to its reflec~ 
t ion .conditions. ' 

)^ _e^eO^ [^.-p e--8.M;,_l^jP^/^xv;'.^3-(26H-.)M;;^. 
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6 < X < 0 



wh er e 

9o amplitude of svring of the gas temperature at 

pure adiabatic compression. 

A comparison of this relation with equation (5) gives for 
6 — > CO - the magnitude of -the amplitude Qq 

^ K - 1 „ A p 

e = T 

OThe actual temperature field -in the 'boundary lay.er is ob- 
tained as the sum , of these two pert ions, where the momen- 
tary time average of the gas temperature is again chosen 
as zero point of the increase of temperature. 



^ r-i'l + P ' e-^SM^i _ izfi^ Ce^^i-e-^^^-'-^^'^i] 



- -6 ^ X ^ 0 (13) 
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The temperature iDscdlia^ it>ii "at p'olat x i:-*-^ foll'Qws, 
at: - " 

(*c)-6 = ©e^"''^; x< -6 :"- " (l3a) 

The gas temperature directly at the wall surf ace x = 'O 
is on the other hand: 

' 14. P,,e- = «^i 2 ^ ' 

In a'ddition the heat flow within the "boundary layer is 
represented according to eq_uation (13) "by: 

° ^ 1 + p^^e-'S^ 2 

- - #-)'^°~^^ ""^"^'^ - Pi2 ^"^^ - - 6 < X < 0 (14) 

v/hence the heat volune transferred to the wall with 
X = C is ; 

- (l-^) (14a) 

The heat voliime removed from the turbulent gas space is 
with s = — 6 according to equation (14): 



^b)^8-= —iXl~P,J e-8Va 

^) Cl-P.3e-^^^^3} (I4h) 



1 + p e-2 6>\t'T t. ^ 

1 O •* 



3 + C 

12 
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iPemperature field a iid heat flow in the wall .— Finally 
in conjunction with equation ( 13'"b*) the temperature oscilla- 
tions in the. fixed wall. can "be represented lay 



606^'"'^ 1 + P 

1 +. P.,,*~?^^i 2 



-IS 



1 + e-P5\i/i 



-(l-^^2e-a^x}e-^^-i x^ 0 (15) 
v/hence the heat oscillation at the v;all surface x = 0: 

-(l-^)se-=*.} , (15a) 

It is plain fr-om eq^uations (is) to ( 15a) that all boundary 
conditions at points x = 0 and x = — 5 are "Culfilled. 
Kerevith the equations (13) and (15) r expect ively, repre- 
sent the solutions of equati.ons (3) and (6) for the given 
prohlein. It merely involves the determination of. the 
temporarily unknown amplitude 6 of the temperature of 
the turbulent gas, space. 

She temperature oscillatio n in the tu rb ulent ^as 

oor e .— Hhe magnitude of this amplitude of the temperature 
in the turbulent gas core is found by application of the 
first law of thermodynamics corresponding to equation (l) 
to the total turbulent gas space. Hereby is: 

- - r n ^ _ ■ ■■ ^lUc) - 8 . di ' 9 Uc)-$ 

wh er e 

Ot (ia^) -.total heat— removing surface of the turbulent 

.gas space 

T-t (m**) volume of the turbulent gas space 
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s = Y^/O^ (m) . substitute layer thickness of the tur"bu— 

lent gas space 

In conjunction with equations ( 13a) , (141)), and (5) 
there is tb.us afforded after a few elementary transfer— 
mat i ons : 

(1 - PiJe"^^^ , , 

j = — '^IS) 

"^o^' (1 - P,3e-^5^1/l)+g^^(l + p^^e-sS^l^i) 

From this it is readily apparent that the temperature 
oscillation of the turbulent gas core is intimately re- 



lated to 8-^^ = 5 y 7-^ - that is, to the thickness 6 

and the temperature conductivity factor a]_ of the 

boundary layer as v;ell as to the natural frequency (ju 
of the oscillation. Koreover, the substitute film thick- 
ness s of the turbulent gas space is also of great in- 
fluence. ■ Squat ion ( 16 ) then affords in general a complex 
value for certain conditions. This signifies physically 
that the temperature oscillations in the gas core due to 
the heat diffusion does not take place in the same phase 
as the pressure oscillation. 

The heat tran sfer onto neta l walls . — At the trans- 
mission of heat betv;een gas and metal wall the reflection 
factor = —1, v/hence equation (I6) gives with suf- 

ficient accuracy for technical cases: 

/ B\- 2e-8^i 

fl--^] = ■■ ; (16a) 



(1 + e-^S^i + sv^d - 



The temperature oscillation in the turbulent gas space 
is therefore according to equation (l3a) 

f. N , _0 ,M ( 1 - e- ^'^ I ) % s-i- ,(1 - e-^ S''^ 1) ^ ■ 

\-»c}-^ -^0^ r-i— r ; i^-s;p =-1 (17) 

(1 + e--s6\v-i) + s^l;,(l - e-s5>)/i) ' '^12 

Correspondingly v-e get with Pi2 = — 1 according to equa- 
tion (l3b) the temperature at the v.'all surface j: = 0 at: 
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Ihe heat volume transferred to the wall can he formed 
according to equations ( 14a) and ( 16a) from 

Kq.c)o = 006"^"*' IJiv'ja) (19) 

1 + e-BS^ + svl/^Cl - e-=5^i) 

Then the complex heat transfer coefficient is ohtained 
for the periodic heat transfer at low harmonic compres- 
sion of a turlJulent gas with the natural f r equaarcyr UJ 
■ "before a metal wall from: 

_ [^lo ^ ?^ 6^ ^l[l-e-^^^l + (s/s) 5v|/i( 1 + 

" (^c3-6- (tc)o ^ ' (1 - e-5^i)^ + (s/6)5^t/l(l-e-^S^^l)~ ^° 

For great values of 6'4/, = 6 /~ this relation changes 

as is readily seen to the previously developed equation 
(12) for infinitely thick "boundary layer. On the other 

hand, for very small values of 6 yf— 

„ ~ '^1 1 + (6/s) 

ac » — ■ — 7-—- (20a) 

S 1 + i/2 ( 5/s) . 

on the assumption that << 1. 

a^ 

Por ^ ^ = 0 corresponding to a natural frequency 

of u) = 0 , that is, for th'e limit case of steady heat 
transfer, equation (20) is exactly correct: 



a. 



1 + 



6 + 2s 



( 201)) 



So this steady limit case there corresponds a uni- 
form distribution of steady heat sources in the entire 
gas space inclusive of the "boundary layer "before the 
fixed wall. The additional term 6/6 + 2s in equation 
(20"b) represents the effect of these heat sources exist- 
ing in the boundary laj'-er. Shis limit value of the 
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complex heat transfer coefficient for a disappear ingly 
small frequency is therefore in full accord with the 
real l\ea,t transfer coefficient a© to "be expected from 
corresponding stationary tests. 

■ In general 6«s in technical cases hence the 
heat transfer coefficient according to equation (20): 



S l_e-«8^i ^ tanh.(6M/J 



1 ' 



Theoretically the case of 5» s is also of importance, 
in which case according to equation (30): 



1 ~ ® ^ tanh ' ^ 



Betv;&en these limit curves for ccq £,-iven hy equations 
(20c) and (20d) lie all practically possible values of 
the heat transfer coefficients for low cyclic compres- 
sion of gas for finite thickness of boundary layer. 

G raphic repres entat ion of the results . — In f i g — 
ure 2 the curves, according to equations (20) to ( 30d), for 
finite parameter (s/s) in Gauss' numerical plane are 
plotted dimensionles s in form affording a complex ETusselt 
numlDer Huc = a^S /X entirely corresponding to the 
st eady "heat transfer. The magnitude of this complex num- 
ber jlj'Ucj = a(ju6/\ is momentarily given as distance be- 
tween the origin and the point of the numerical plane, 



which is det ermined' by the parameter 6 /— — — and'(6/s). 

V 2 a 3^ 

The phase angle e^, of the complex heat transfer coef- 
ficient a,, agrees with that of ITuq and can therefore 

be taken direct as geometric angle betv/een this distance 
and the axis of the real numbers. 

In retracing the curve of the complex Uusselt number 
for a. cert,nin ratio (s/s) under otherwise identical 
conditions in relation to the frequency, the following 
obtains: ?or cu = 0 the complex characteristic agrees 
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with the corresponding real one for steady heat transfer. 
At very low, "but finite frequencies the portion of the 
heat volume removed from the gas core still pr edorainct es ; 
the amount of the heat— transfer coefficient thereforw 
Tjarely varies, and the phase angle c^n' remains for the 

time teing very small. With increasing amplitude, the 
heat of compression produced within the Taoundary layer 
Tsecomes consistently more important. Since it is par- 
tially produced direct at the wall surface and immedi- 
ately passes to the wall surface even while "being 
formed, the phase angle must ultimately reach greater 
values and progressively tend toward the previously com- 
puted limit value tt/4. In correspondence with the 
rising importance of the heat of compression v/ithin the 
boundary layer, the value of a^jS/X. itself increases 

with the frequency. The heat— volume removal from the 
turhulent gas core on the contrary "becomes smaller with 
increasing amplitude, as is readily apparent from equa- 
tion (16) v/here the temperature of the turbulent gas core 
consistently approaches the adiabat ic— compr es s ion tempera- 
ture. 

Dis c ussion of the resul ts.— The present calculations 
manifest good agreement with the physical observation. 
They enable the numerical prediction of periodic heat 
volume transferred to a flat wall at low cyclic 
compression of gas, v;hen a b o^mdary— layer flow of arbi- 
trary, constant thiclcness exists at the surface of the 
vail. The assumption of a flat wall is technically ful- 
filled in almost all cases, since the botindary— layer 
thickness is almost alvrays very small in comparison to 
the c^irvature radius of an uneven wall. The boundary- 
layer thickness itself can usually be caculated or esti- 
mated from known heat— transfer coefficients for steady 
heat transfer according to the relation 6 = Xj^/^-o* 

The Courier analysis affords for any periodic pres- 
sure variation a sum of pure harmonic pressure oscilla- 
tions for each of which a complex heat transfer coefficient 
can be obtained; the dissimilar heat transfer coefficients 
being arranged methodically. As the thickness of the 
boundary layer, its material properties and the size of 
the turbulent gas space are the same for all harmonics it 
simply results in a relationship with its o'rdinal number 
(frequency). In figure 2 the, end points of all vectors, 
'v;hich represent the complex heaij transfer coefficients for 
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coefficients for any chosen periodic pressure variation 
lie therefore on a curve 6 /s = constant. HJh-en , if one 
of these is known 6/s can "be determined, '-.and on the 
Tjasis of this singular relationship all the other values 
can "be obtained. In general the heat— transfer -coeffi- 
cient for the freq^uency u) = 0 , that is, the coefficient 
Gxisti-ng at normal, steady heat transfer is., probahly 
known. 

In one point the foregoing assumptions are admitted- 
ly not. entirely realized physically. Tor the simplifi- 
cation of the differential eauation (2) it had "been 
assumed that the gas particles within the range of a ' 
finite temperature gradient execute no movement perpen— ' 
dicular to the wall surface. This is especially untrue 
of the gas particles of the Tsoundary layer, since they — 
even in surfaces o'blique or parallel to the general 
direction of the compression — "by their restricted free- 
dom of motion due to the viscosity are pr eponderately 
compressed perpendicularly to the wall surface. 

This defect, while producing no essential change in 
the existing data of the periodic heat transfer at small 
pressure oscillations is o-n the other hand of great im- 
portance for the heat volume to he removed in a recipro- 
cating engine. In suhseq^uent developments the effect of 
the periodic motion, of the gas particles immediately he- 
fore the wall in direction perpendicul'ar to the wall sur- 
face is to he explored thbroughly. In' another article to 
he published in the near future, the action of this in- 
fluence is for the time heing computed indirectly from the 
energy loss required to maintain periodicity. 



Translation by M. M. Guggenheim, 
Fratt & Whitney Aircraft. 
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Figs. 1,2 




Real niunbers 

Figure 2.- Representation of the (Complex Nusselt number, 

Nuc - ctc^/Xl in the Gauss' nximerlcal plane for 
small, periodic compression of a gas before a metal wall 
(Pl2 - limited thickness (6) of boundajry layer flow 

and different value (s = Vt/Ot) In thb turbulent gas space. 
The 8traJ.ght line under 45^ represents the asymptote of 
the curve. 
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